Let A be a unital separable simple Z-stable C * -algebra which has rational tracial rank at most one and let u ∈ U 0 (A), the connected component of the unitary group of A. We show that, for any ǫ > 0, there exists a self-adjoint element h ∈ A such that u − exp(ih) < ǫ.
Introduction
Let A be a unital C * -algebra and let U 0 (A) be the connected component of unitary group of A containing the identity. Suppose that u ∈ U 0 (A). Then u is a finite product of exponentials, i.e., u = n k=1 exp(ih k ), where h k is a self-adjoint element in A. One of the interesting questions about the unitary group of a C * -algebra is when u is an exponential? Or more interesting question is when u is a norm limit of exponentials. If u ∈ U 0 (A) and {u(t) : t ∈ [0, 1]} ⊂ U 0 (A) is a continuous path connecting u to the identity, one may ask how long the length of the path could be. Exponential rank and exponential length had been extensively studied (see [19] , [21] , [22] , [23] , [31] , [32] , [2] , [24] , [25] , [5] , [26] , [28] , etc. -an incomplete list).
Exponential length and rank have played, inevitably, important roles in the study of structure of C * -algebras, in particular, in the Elliott program, the classification of amenable C * -algebras by K-theoretic invariant. The renew interest and direct motivation of this study is the recent research project to study the stable Jiang-Su algebra and its multiplier algebra. It turns out that exponential length again plays an essential role there.
Let us briefly summarize some facts about exponential rank and length for unital (simple and amenable) C * -algebras in the center of the Elliott program. It was shown by N. C. Phillips ( [23] ) that the exponential rank of a unital purely infinite simple C * -algebra is 1 + ǫ and its exponential length is π. In fact, this holds for any unital C * -algebras of real rank zero ( [5] ). In other words, if u ∈ U 0 (A), where A is a unital C * -algebra of real rank zero, then, for any ǫ > 0, there exists a self-adjoint element h ∈ A with h ≤ π such that These are smallest numbers that one can get. When A is not of real rank zero, the situation is very different. For example, if A is a unital simple AH-algebra with slow dimension growth, then cer(A) = 1 + ǫ. But cel(A) = ∞, whenever A does not have real rank zero (Theorem 3.5 of [26] ). Recently it was shown ( [10] ) that cer(A) ≤ 1 + ǫ for any unital simple C * -algebra A with tracial rank at most one (without assuming the amenability).
The classification of unital simple amenable C * -algebras now includes classes of C * -algebras far beyond C * -algebras mentioned above. In fact unital separable simple amenable Z-stable C * -algebras which are rationally tracial rank at most one and satisfy the UCT can be classified by the Elliott invariant ( [12] ). In this paper, we show that, if A is Z-stable, i.e., A ⊗ Z = A, has rational tracial rank at most one, i.e., A ⊗ U has tracial rank at most one for some infinite dimensional UHF algebra U, and u ∈ U 0 (A), then, for any ǫ > 0, there exists a self-adjoint element h ∈ A such that u − exp(ih) < ǫ.
(e 1.3)
However, in general, there is no control of the norm of h. In fact, cel(A) = ∞, i.e., the exponential length of A is infinite.
In the study of classification of simple amenable C * -algebras, one relies on a fact that exponential length for unitaries in CU (A), i.e., the closure of the commutator subgroup of U 0 (A) is often bounded. It seems to suggest that, for exponential length of a unital C * -algebra, it is the exponential length of unitaries in CU (A) that needs to be computed. So the question is what is the norm bound for the above h when u is in CU (A). We show that, if A is a unital separable simple C * -algebra with tracial rank at most one, and u ∈ CU (A), then (e 1.3) holds and h can be chosen so that h ≤ 2π. Furthermore, we also prove this holds for any unital separable simple Z-stable C * -algebra A such that A ⊗ U has tracial rank at most one. Originally, we would like to have the length at minimum so that h could be controlled by π. The reason that we have the bound 2π instead of π is not a technical difficulty in the proof. The reason is that 2π is the optimal estimate, a fact that we did not realized which prevents us to have this research done earlier. We show in this paper that, in general, for a unital simple AH-algebra (or even AI-algebra) A, for any σ > 0, there are unitaries u ∈ U 0 (A) such that h ≥ 2π − σ if (e 1.3) holds for some sufficiently small ǫ. What is more surprising at the first was the answer to the question how long the exponential length of unitaries in U 0 (Z) is, where Z is the Jiang-Su algebra, the projectionless simple ASH-algebra with K 0 (Z) = Z and K 1 (Z) = {0}. It seems that, among experts, one expects the exponential length of Z to be infinite since Z does not have real rank zero. However, we find that cel(Z) ≤ 3π. In fact, we prove that for any unitary u ∈ U 0 (Z), there exists −π < t < π satisfying the following: for any ǫ > 0, there exists a self-adjoint element h ∈ Z with h ≤ 2π such that e it u − exp(ih) < ǫ.
We actually prove this for all unital separable simple Z-stable C * -algebras with a unique tracial state which are rationally tracial rank zero. An application of the estimate of exponential length for those simple C * -algebras can be found in a subsequent joint work with Ping Ng.
closure of the commutator subgroup of U 0 (A). If u ∈ U (A), we use the notationū for its image in U (A)/CU (A). Let u ∈ U 0 (A). Denote by cel(u) the exponential length of u in A. In fact,
If u = lim n→∞ u n , where u n = k j=1 exp(ih n,j ) for some self-adjoint elements h n,j ∈ A. Then we write cer(u) ≤ k + ǫ.
we write cer(u) = k. By T (A), we mean the tracial state space of A and by Aff(T (A)) the space of all real affine continuous functions on T (A). Let τ ∈ T (A). We also use τ for the trace τ ⊗ T r on A ⊗ M n , where T r is the standard trace on M n .
Denote by ρ A :
Definition 2.2. Let A be a unital C * -algebra with T (A) = ∅. Let u ∈ U 0 (A). Suppose that {u(t) : t ∈ [0, 1]} is a continuous path of unitaries which is also piece-wisely smooth such that u(0) = u and u(1) = 1. Define de la Harp-Skandalis determinant as follows:
Note that, if u 1 (t) is another continuous path which is piece-wisely smooth with u 1 (0) = u and u 1 (1) = 1, Then Det((u(t)) − Det(u 1 (t)) ∈ ρ A (K 0 (A)). Suppose that u, v ∈ U (A) and uv * ∈ U 0 (A). Let {w(t) : t ∈ [0, 1]} ⊂ U (A) be a piece-wisely smooth and continuous path such that w(0) = u and w(1) = v. Define
Note that R u,v is well-defined (independent of the choices of the path) up to elements in
Definition 2.3. Denote by Q the group of rational numbers. Let r be a supernatural number. Denote by M r the UHF-algebra associated with r. Denote by Q r the group K 0 (M r ) with order as a subgroup of Q.
Denote by Z the Jiang-Su algebra ( [4] ) which is a unital separable simple ASH-algebra with K 0 (Z) = Z and K 1 (Z) = {0}. Let p, q be two relatively prime supernatural numbers of infinite type. Denote by
Here we identify M r with M r ⊗ 1 as a subalgebra of M pq . One may write Z as a stationary inductive limit of Z p,q (see [20] ). Definition 2.4. Let A be a unital simple C * -algebra. We write T R(A) = 0 if tracial rank of A is zero. We write T R(A) ≤ 1, if the tracial rank of A is either zero or one (see [6] ).
Denote by A 0 the class of unital separable simple C * -algebras A such that T R(A ⊗ U ) = 0 for some infinite dimensional UHF-algebra U. Note that Z ∈ A 0 .
Denote by A 1 the class of unital simple separable C * -algebras A such that T R(A⊗U ) ≤ 1. We refer the reader to ( [30] ), ( [14] ), ( [15] ), ( [16] ), ( [9] ), ( [12] ) and ( [18] ) for some further discussion of these C * -algebras. Definition 2.5. Let A be a unital C * -algebra and C = C([0, 1], A). Denote by π t : C → A the point-evaluation: π f (f ) = f (t) for all f ∈ C. Definition 2.6. Let X be a compact metric space and let ψ : C(X) → C be a state. Denote by µ ψ the probability Borel measure induced by ψ.
Exponential rank
The following could be easily proved directly. But it is a special case of 6.3 of [12] .
Lemma 3.1. Let ǫ > 0. There exists δ > 0 satisfying the following: Suppose that A is a unital separable simple C * -algebra with T R(A) ≤ 1 and suppose that u ∈ U (A) with sp(u) = T. Then, for any x ∈ K 0 (A) with ρ A (x) < δ and any y ∈ K 1 (A), there exists a unitary v ∈ A with
(e 3.5)
The following is also known and we state here for the convenience. 
(e 3.6)
Then,
Proof. It suffices to show that there is one piece-wisely smooth and continuous path {U (t) :
To see this, let h =
(e 3.8)
is a piece-wisely smooth and continuous path with Z(0) = diag(v, 1) and Z(1) = W * diag(v, 1)W. It is straightforward to compute that the de la Harpe-Skandalis determinant
is a continuous and piece-wisely continuous path with U (0) = diag(u, 1) and U (1) = diag(v, 1). We then compute that 1 2π
= Det(U 1 (t)) + Det(U 2 (t)) (e 3.10) = Det(U 1 (t)) + 0 (e 3.11)
(e 3.12)
for all τ ∈ T (A).
Lemma 3.3. Let A be a unital separable C * -algebra of stable rank one. Suppose that u, v ∈ U (A) with uv * ∈ CU (A). Then, for any δ > 0, there exists a ∈ A s.a. with a < δ such that
Proof. This follows from the fact that R u,v ∈ ρ A (K 0 (A)). 
and for all arc I a with length at least a ≥ σ, where ϕ :
there exists a continuous path of unitaries {v(t) :
The following is an variation of a special case of 5.1 of [17] .
Lemma 3.5. Let ǫ > 0 and let ∆ : (0, 1) → (0, 1) be a non-decreasing function. There is δ > 0, η > 0, σ > 0 and there is a finite subset G ⊂ C(T) s.a. satisfying the following: For any unital separable simple C * -algebra A with T R(A) ≤ 1, any pair of unitaries u, v ∈ A sp(u) = T and
for all intervals I a with length at least η, where ϕ :
and for all g ∈ G, uv * ∈ CU (A), (e 3.17)
for any a ∈ Aff(T (A)) with a − R u,v ∈ ρ A (K 0 (A)) and a < σ and any y ∈ K 1 (A), there is a unitary w ∈ A such that [w] = y, u − w * vw < ǫ and (e 3.18)
Proof. Let ǫ > 0 and ∆ be given. Choose ǫ > θ > 0 such that, log(u 1 ), log(u 2 ) and log(u 1 u 2 ) are well defined and
for all τ ∈ T (A) and for any unitaries u 1 , u 2 such that
Let δ ′ > 0 (in place of δ) be required by 3.1 for θ/2 (in place of ǫ). Put σ = δ ′ /2. Let δ > 0 and η be required by 4.3 for min{σ, θ, 1} (in place of ǫ) and ∆. Suppose that A is a unital separable simple C * -algebra with T R(A) ≤ 1 and u, v ∈ U (A) satisfy the assumption for the above δ, η and σ. Then, by 4.3, there exists a unitary z ∈ U (A) such that
. Let a ∈ Aff(T (A)) be such that a < σ and a − R u,v ∈ ρ A (K 0 (A)) as given by the lemma. It follows that a −b ∈ ρ A (K 0 (A)). Moreover, a −b < 2σ < δ ′ . It follows from 3.1 that there exists a unitary z 1 ∈ A such that
for all τ ∈ T (C). Define w = zz * 1 . Then
[w] = y and u − w * vw < θ < ǫ.
(e 3.23)
We compute that
where we use the Exel's formula for bott element (see Lemma 3.5 of [12] ) in the second last equality.
Lemma 3.6. Let ǫ > 0 and let ∆ : (0, 1) → (0, 1) be a non-decreasing map. There exists η > 0, δ > 0 and a finite subset G ∈ C(T) s.a. satisfying the following: Suppose that A is a Zstable unital separable simple C * -algebra in A 1 and suppose that u, v ∈ U (A) are two unitaries such that sp(u) = T,
and for all arcs I a with length at least a ≥ η, where ϕ :
)| < δ for all a ∈ G and for all τ ∈ T (A), (e 3.31)
Then there exists a unitary w ∈ U (A) such that
Proof. We first note, by [16] , that T R(A ⊗ M r ) ≤ 1 for any supernatural number r. Let ϕ : C(T) → A be the monomorphism defined by ϕ(f ) = f (u). For any a ∈ (0, 1), denote by
a an open arcs of length a in T}.
Since A is simple, one has that 0 < ∆(a) ≤ 1 (for all a ∈ (0, 1)) and ∆(a) → 0 as a → 0. As in Proposition 11.1 of [13] ,
and all arcs with length a > 0. Let ǫ > 0. Let p and q be a pair of relatively prime supernatural numbers of infinite type with Q p + Q q = Q. Denote by M p and M q the UHF-algebras associated to p and q respectively. Let ı r : A → A ⊗ M r be the embedding defined by ı r (a) = a ⊗ 1 for all a ∈ A, where r is a supernatural number. Define u r = ı r (u) and v r = ı r (v). Denote by ϕ r :
For any supernatural number r = p, q, the C*-algebra A ⊗ M r has tracial rank at most one. Let δ 1 > 0 (in place of δ) and d 1 > 0 (in place of σ) be required by 3.4 for ǫ/6. Without loss of generality, we may assume that δ 1 < ǫ/12 and is small enough and G is large enough so that bott 1 (u 1 , z j ) and bott 1 (u 1 , w j ) are well defined and
if u 1 is a unitary and z j is any unitaries with [u 1 , z j ] < δ 1 , where w j = z 1 · · · z j , j = 1, 2, 3, 4. Let δ 2 > 0 (in place δ) be require by 3.1 for δ 1 /8 (in place of ǫ). Furthermore, one may assume that δ 2 is sufficiently small such that for any unitaries z 1 , z 2 in a C*-algebra with tracial states, τ (
is well defined and
for any tracial state τ , whenever z 1 − z 3 < δ 2 and z 2 − z 3 < δ 2 . We may further assume that δ 2 < min{δ 1 , ǫ/6, 1}. Let δ > 0, d 2 > 0 (in place of η) and δ 3 > 0 (in place of σ) required by 3.5 for δ 2 (in place of ǫ).
Let η = min{d 1 , d 2 }. Now assume that u and v are two unitaries which satisfy the assumption of the lemma with above δ and η.
Since
where a p is the image of a under the map induced by ı p . The same holds for q. Note that
where t is the unique tracial state on M r , and for all a > 0, r = p, q. By Lemma 3.5 there exist unitaries z p ∈ A ⊗ M p and z q ∈ A ⊗ M q such that
Moreover,
(e 3.37)
We then identify u p , u q with u ⊗ 1 and z p and z q with the elements in
In the following computation, we also identify T (A) with T (A p ), T (A q ), and T (A p ), or T (A q ) with T (A ⊗ Q) by identify τ with τ ⊗ t, where t is the unique tracial state on M p , or M q , or Q.
In particular,
for all τ ∈ T (A) and (e 3.38)
We compute that by the Exel formula (see Lemma 3.5 of [12] ),
for all τ ∈ T (A). It follows that It follows that there are
Since Q = Q p + Q q , one has r j,p ∈ Q p and r j,q ∈ Q q such that r j = r j,p − r j,q . So
Put y p = l j=1 x j ⊗ r j,p and y q = l j=1 x j ⊗ r j,q . Then, by (e 3.49), y p ∈ kerρ A⊗Mp and y q ∈ kerρ A⊗Mq . It follows from 3.1 that there are unitaries
Note, again, that u r = u ⊗ 1 and v r = v ⊗ 1, r = p, q. With identification of W r , w r , z r with unitaries in A ⊗ Q, we also have
and
(e 3.56)
. Then it follows from the choice of δ 1 , (e 3.35) and 3.4 that there is a continuous path of unitaries
(e 3.57)
is a unitary and, by (e 3.52) and (e 3.57),
(e 3.58)
Note that we assume that A ⊗ Z ∼ = A. Let ı : A → A ⊗ Z be the embedding defined by ı(a) = a ⊗ 1 for all a ∈ A and j :
(e 3.63)
Lemma 3.7. Let A be a unital separable simple C * -algebra in A 1 . Then every quasi-trace on A extends to a trace. Moreover, if in addition, A is Z-stable, then
where W (A) is the Cuntz semi-group of A, V (A) is the equivalence classes of projections in ∪ ∞ n=1 M n (A) and LAf f (T (A)) is the set of all bounded real lower-semi-continuous affine functions on T (A).
Proof. Note that T R(A ⊗ Q) ≤ 1. Therefore every quasi-trace on A ⊗ Q is a trace. Suppose that s is a quasi-trace on A, then s ⊗ t is a trace on A, where t is the unique tracial state of Q. Therefore s ⊗ t on A ⊗ C1 Q is a trace. This implies that s is a trace.
The second part of the statement follows from (the proof of ) Cor. 5.7 of [1] . In Cor. 5.7 of [1] , A is assumed to be also exact. But that was only used so that every quasi-trace is a trace. Lemma 3.8. Let A ∈ A 1 be a unital separable simple Z-stable C * -algebra. Let Γ : C([0, 1]) s.a. → Aff(T (A)) be a continuous affine map with Γ(1)(τ ) = 1 for all τ ∈ T (A) for some a ∈ A + with a ≤ 1. Then there exists a unital monomorphism ϕ :
Proof. Let p and q be relatively prime supernatural numbers with Q p + Q q = Q. Let M r be the UHF-algebra associated with the supernatural number r, r = p, q. Let Q be the UHFalgebra such that
, where t is the unique tracial state on M r , r = p, q. We use the same notation for ϕ r for the unital monomorphisms
They induce zero rotation map. It follows from 10.7 of [12] that ϕ p and ϕ q are strongly asymptotically unitarily equivalent, i.e., there exists a continuous path of unitaries {u(t) :
It is easy to check that so defined ϕ meets the requirements.
3.9.
Let A be a unital simple C * -algebra with T (A) = ∅. Let u ∈ U (A) be a unitary with sp(u) = T. For each τ, let µ τ be the Borel probability measure on T induced by state τ • f (u) (for all f ∈ C(T)) on T. Fix n ≥ 1, let log :
and Γ(g n ) ≤ Γ(g n+1 ) and Γ(g n )(τ ) → 1 for each τ ∈ Aff(T (A)). It follows from the Dini theorem that Γ(g n ) converges to 1 uniformly on T (A). On the other hand (0)). This provides an affine continuous map from C([−π, π]) s.a. to Aff(T (A)).
We check that
In the above, we can replace −π by 0 and π by 2π. We will keep this notation in the next proof.
Theorem 3.10. Let A ∈ A 1 be a unital separable simple Z-stable C * -algebra. Let u ∈ U 0 (A) be a unitary. Then, for any ǫ > 0, there exists a self-adjoint element h ∈ A such that
(e 3.66)
In the other words cer(A) ≤ 1 + ǫ.
Proof. Let u ∈ U 0 (A). If sp(u) = T, then u is an exponential. So we may assume that sp(u) = T. Let ǫ > 0. Let ϕ : C(T) → A be defined by ϕ(f ) = f (u) for all f ∈ C(T). It is a unital monomorphism. It follows from Proposition 11.1 of [13] that there is a non-decreasing function ∆ 1 : (0, 1) → (0, 1) such that
for all arcs I a of T with length a ∈ (0, 1). Define ∆ = (1/2)∆ 1 . Let η > 0, δ > 0 and let G ⊂ C(T) be a finite subset required by 3.6 for ǫ/2 (in place of ǫ). Without loss of generality, we may assume that g ≤ 1 for all g ∈ G. Let σ = min{η/2, δ/2}. 
and for all f ∈ C 0 ((0, 2π]) and define
and for all f ∈ C([0, 2π]) s.a. . It follows that, for any f ∈ C(T) s.a. with f ≤ 1, 
(e 3.69)
Note that since A is also Z-stable, by 3.7, W (A) = V (A) ⊔ LAff(T (A)). There are mutually orthogonal elements a 1 , c 1 , c 2 ∈ M K (A) + with 0 ≤ a 1 , c 1 , c 2 ≤ 1 for some integer K ≥ 1 such that
(e 3.70)
Put a 2 = a 1 + c 1 + c 2 . Note that 0 ≤ a 2 ≤ 1 and
(e 3.71)
By the strict comparison, (e 3.69), (e 3.71) and the fact that A has stable rank one, we may assume, without loss of generality, that
Suppose that Det(u)(τ ) = s(τ ) for all τ ∈ T (A) (e 3.72)
for some s ∈ Aff(T (A)). The above argument also shows that there are b 1 ∈ c 1 Ac 1 and b 2 ∈ c 2 Ac 2 such that
(e 3.73)
Let
Note that 
for all τ ∈ T (A). Therefore, by (e 3.68), (e 3.78) and (e 3.79), that
It follows from 3.6 that there exits a unitary w ∈ U (A) such that u − w * vw < ǫ.
Let h = w * h 1 w. Then u − exp(ih) < ǫ.
Corollary 3.11. Let Z be the Jiang-Su algebra. Then
We will prove much stronger result than the above for Z (see 4.7).
Exponential length in CU (A)
The following is known (something similar could be found in [27] and [22] ). We state here for the convenience. 
Furthermore, if det(u(t)) = 1 for all t ∈ [0, 1], then we may also assume that det(u 1 (t)) = 1 for all t ∈ [0, 1].
Proof. The last part of the statement follows from Lemma 2.5 of [22] . By Lemma 2.5, if det(u(t) 22] ). Let z j (t) = e ia(0) for some real number a(0). But z j (t) = e ib j (t) for some real
Then z j (t) = e ia j (t) and z j (0) = a j (0), j = 1, 2, ..., n. In particular,
In particular length(u) ≤ 2π.
Proof. The proof is taken from the section 3 of [3] . First, by 4.1, without loss of generality, we may assume that u(0) has distinct eigenvalues. Suppose that
where b j ∈ (−1/2, 1/2], j = 1, 2, ..., n. Then where h j (t) ∈ C([0, 1]) s.a. and {p 1 , p 2 , ..., p n } is a set of mutually orthogonal rank one projections. Moreover, we may assume that det(u(t)) = 1 for all t ∈ [0, 1] and u(t) has distinct eigenvalues at each point t ∈ [0, 1]. Furthermore, by 4.1, we may also assume that h j (0) = a j , j = 1, 2, ..., n.
We also have that |h j (0)| < 1, Since u(t) has distinct eigenvalues, h j (t) − h k (t) ∈ Z, for any t ∈ [0, 1] when j = k. We also have max j h j (t) − min j h j (t) is a continuous function. It follows from (e 4.84) that
(e 4.87)
Now by (e 4.86), either h j (t) = 0 for all j, which is not possible, since u(t) has n distinct eigenvalues, or, for some j, h j (t) < 0 and for some other j ′ , h j ′ > 0, it follows from (e 4.87) that
(e 4.88)
for all τ ∈ T (A) and u = exp(i2πh). (e 4.89)
We will use the following theorem (Theorem 10.8 of [13] ).
Theorem 4.3. Let ǫ > 0 and let ∆ : (0, 1) → (0, 1) be a non-decreasing map. There exists σ > 0, δ > 0 and a finite subset G ∈ C(T) s.a. satisfying the following: Suppose that A is a unital separable simple C * -algebra with tracial rank no more than one and suppose that u, v ∈ U (A) are two unitaries such that
.90)
and for all intervals I a with length at least σ, where ϕ :
Then there exists a unitary w ∈ U (A) such that Lemma 4.5. Let A be a unital separable simple C * -algebra with T R(A) ≤ 1 and let u ∈ CU (A) be a unitary. Then, for any ǫ > 0, there exists a self-adjoint element h ∈ A s.a. with h ≤ 1 such that τ (h) = 0 for all τ ∈ T (A) and
Moreover, if sp(u) = T, we may assume that sp(h) = [−1, 1]. As a consequence,
Proof. If sp(u) = T, then u = exp(ig(u)) where g is a continuous branch of logarithm with g ≤ 2π. Thus we may assume that sp(u) = T. Without loss of generality, we may assume that
where each u j is a commutator of U (A). As in 6.9 of [8] , u j ∈ U 0 (A). It follows from 6.9 of [8] again that there are h j ∈ A s.a. such that for all x ∈ {u, u j : j ≤ 1 ≤ k} (e 4.96) which is a product of k commutators in B.
Since v 1 ∈ B and v 1 is a product of commutators, in each summand of B, determinant of v 1 at every point must be one. It follows from 4.2 that there exists a self-adjoint element b ∈ B s.a such that b ≤ 2π, t(b) = 0 for all t ∈ T (B) and (e 4.100)
We may assume that 1 − p = 0. Since (1 − p)A(1 − p) is simple and has (SP), we obtain two mutually orthogonal and mutually equivalent projections e 1 , e 2 ∈ (1 (e 4.102)
Then, by (e 4.96), (e 4.97), (e 4.99) and (e 4.100), Theorem 4.6. Let A ∈ A 1 be a unital separable simple Z-stable C * -algebra. Suppose that u ∈ CU (A). Then, for any ǫ > 0, there exists a self-adjoint element h ∈ A with h < 1 such that
In particular, cel CU (A) ≤ 2π.
Proof. We may assume that sp(u) = T. Let ǫ > 0. Let ϕ : C(T) → A be defined by ϕ(f ) = f (u). It is a unital monomorphism. It follows from Proposition 11.1 of [13] that there is a nondecreasing function ∆ : (0, 1) → (0, 1) such that
for all open balls O a of T with radius a ∈ (0, 1). Note, by [18] , for any supernatural number p of infinite type,
(e 4.120)
Let η > 0, δ > 0 and let G be a finite subset as required by 3.6 for ǫ/2 (in place of ǫ) and ∆. Choose ǫ 0 sufficiently small, so the following holds:
and for all g ∈ G. Note each τ ∈ A ⊗ M p may be written as s ⊗ t, where s ∈ T (A) is any tracial state and t ∈ T (M p ) is the unique tracial state. Let Γ :
(e 4.122) and for all τ ∈ T (A), where t is the unique tracial state on M p . It follows from 3.8 that there exists a self-adjoint element h ∈ A with sp(h) = [−2π, 2π] such that
and for all τ ∈ T (A). In particular, τ (h) = 0 for all τ ∈ T (A).
(e 4.124)
Define v 1 = exp(ih) ∈ A. Note that, by (e 4.122),
and for all f ∈ C(T). By the choice of ǫ 0 , as in (e 4.121),
for all τ ∈ T (A) and for all g ∈ G.
We also have [
Thus, by applying (3.6), there exists a unitary w ∈ A such that u − w * exp(ih)w < ǫ/2 (e 4.127)
Theorem 4.7. Let A be a unital separable simple Z-stable C * -algebra in A 0 with a unique tracial state. Then, for any unitary u ∈ U 0 (A), there exists a real number −π < a < π such that, for any ǫ > 0, there exists a self-adjoint element h ∈ A with h ≤ 2π and u − exp(i(h + a)) < ǫ.
Proof. Let u ∈ U 0 (A) and let ǫ > 0. Since A has a unique tracial state τ, U 0 (A)/CU (A) = R/ρ A (K 0 (A)) and Z ∈ ρ A (K 0 (A)). Therefore there is t ∈ (−1, 1) such that Let a = πt. Note that e iπt exp(ih) = exp(i(h + a)). Put h 1 = h + a. We conclude that
Note that h 1 ≤ h + |a| < 3π. There is h 2 ∈ A s.a. with h 2 < 2 arcsin(π/2) such that
If we choose ǫ so that 2 arcsin(ǫ/2) < 3π − h + |a|,
Corollary 4.8. Let u ∈ U 0 (Z) be a unitary. There exists t ∈ (−π, π) such that, for any ǫ > 0, there exists a self-adjoint element h ∈ Z with h ≤ 2π satisfying
(e 4.133)
Examples
, M n ) be defined as follows:
e k ) and (e 5.134)
where {e 1 , e 2 , ..., e n } is a set of mutually orthogonal rank one projections. Then u(t) = exp(iπh) and τ (h) = 0 for all τ ∈ T (C([0, 1], M n )).
Therefore det(u(t)) = 1 for all t ∈ [0, 1] and
). In what follows we will show that cel(u) ≥ (2 − 1/(n − 1))π. It should be noted that it is much easier to show that if u(t) = exp(iH) for some self-adjoint element in
Suppose that cel(u) = r 1 . Fix r 1 > ǫ > 0 and put r = r 1 + ǫ/16. Then there are self-adjoint
(e 5.136) 1−s) ). Then u s is continuous and piecewise smooth on
Furthermore
(e 5.137) Lemma 5.2. Let u and v be two unitaries in a unital C * -algebra A. Suppose that there is a continuous path of unitaries {w(t) : t ∈ [0, 1]} ⊂ A with w(0) = u and w(1) = v. Then, if λ ∈ sp(u), there is a continuous path {λ(t) ∈ T :
If furthermore, length{w(t) : t ∈ [0, 1]} = r ≤ π/2, then one can require that
Proof. The proof of this was originally taken from an argument of Phillips. As in Lemma 4.2.3 of [7] , one obtains a sequence of partitions {P n } of [0, 1] such that P n ⊂ P n+1 , n = 1, 2, ..., for each partition
) and (e 5.138)
if {w(t)} is rectifiable with length{w(t) : t ∈ [0, 1]} = r. Write λ(n, j) = e iθ(n,j) with θ(n, j) ∈ [0, 2π), j = 1, 2, ..., k(n) and n = 1, 2, .... Define
By the uniform continuity of w(t), one checks that λ(t) = exp(iθ(t)) is continuous on [0, 1], λ(t) ∈ sp(w(t)) and length({λ(t)} ≤ r.
Suppose that
is a unitary which has the form:
where Then we have the following:
where length{W (t, s) :
is a continuous function and
where
has rank one everywhere. Thus
and g s 0 (d). By the assumption and 5.2, g s 0 (c) ∈ {e it : t ∈ [t 0 − r 0 , t 0 + r 0 ]} and g s 0 (d) ∈ {e it t ∈ [t 1 − r 0 , t 1 + r 0 ]}. The lemma follows.
Lemma 5.5. Suppose that length({W (t, s) :
where 2π > t ′ 1 > t ′ 0 ≥ 0, and where
is a unitary with sp(v 1 (t)) ⊂ S 1 , where S 1 is a subset of T such that every point of S 1 can be connected by a point in sp(v(t)) (t ∈ [c, d]) by a continuous path with length at most C 1 .
Proof. Let S 1 be the subset of T such that every point in S 1 can be connected to a point in sp(v 1 ) with length at most C 1 . 
Proof. Let u be as in 5.1. Fix ǫ > 0. We will keep notation above. We write u(t) = f (t)e 1 + v(t). 
where q 1 is a rank one projection,
with g 1 (a 1 ) = e i(2d+ǫ/k2) and g 1 (b 1 ) = e i(π(2−1/n−1))−2d−ǫ/k2) , sp(z 1 ) ⊂ S 1 , where S 1 is the subset of T such that every point in S 1 is connected by a rectifiable continuous path from
, 0]}. In particular,
(e 5.148)
where q 2 is a rank one projection,
with g 2 (a 2 ) = e i(3d+ǫ/k2+ǫ/k4 ) and g 2 (b 2 ) = e i(π(2−1/n−1))−3d−ǫ/k2−ǫ/k4) , sp(z 1 ) ⊂ S 2 , where S 2 is the subset of T such that every point in S 2 is connected by a rectifiable continuous path from
By repeating this argument k − 1 times, We obtain 1
Thus the minimum length of continuous path from W (t, s k−1 ) to 1 is at least π. Thus Proof. Let ǫ > 0. Choose m 0 ≥ 1 such that π/m 0 < ǫ/128(k 0 + 1)n. Let f 1,t , f 2,t ∈ C(T) be defined by f j,t (s) = 1, if s ∈ {e iθ : θ ∈ [t − ǫ/2 j , t + ǫ/2 j ]}, f j,t (s) = 0 if s ∈ {e iθ : θ ∈ (t − ǫ/2 j−1 , t + ǫ/2 j−1 )} and linear in between, j = 1, 2. Choose δ 1 > 0 satisfying the following: if v ′ , v ′′ are two unitaries in any unital C * -algebra with v ′ − v ′′ < δ 1 then
Note that, for any θ ∈ [0, 2π),
for all t ∈ T and for all τ ∈ T (C([0, 1], M N ), j = 1, 2. Thus, in particular,
It follows that 
and |µ tr,v,t (J t ) − (n − 1)/n| < 5ǫ/54, (e 5.172) where It follows that tr(h 0 (t)) + tr(h(t)) = 2Lπ/N for every t ∈ [0, 1] and for some integer L. Therefore (I 1 ∪ J 1 ) ), where
and (e 5.179)
and (e 5.181)
with normalized counting measure µ on X N by H 1 (j) = a j , j = 1, 2, ..., N, and We also have
(e 5.189) By 5.8, we estimate that 
and (e 5.194)
and (e 5.196)
and (e 5.199) We have Lemma 5.10. Let (G, G + ) be a countable unperforated ordered group. Then there exists a unital simple C * -algebra A which is an inductive limit of interval algebras satisfying the following: For any ǫ > 0, there exists a unitary u ∈ CU (A) and δ > 0 satisfying the following: if h ∈ A s.a. with h ≤ 2π such that u − exp(ih) < δ, then h ≥ 2π − ǫ.
Proof. Fix 1/2 > ǫ. Choose n ≥ 12 such that π/(n − 1) < ǫ/4. Let k 0 = n − 1. Let m ′ 0 > 2 15 (k 0 + 1)n 3 π 2 (in place of m 0 ) be an integer required by 5.9 for the above mentioned n and k 0 . Let m 0 = 2m ′ 0 . Let C = lim k→∞ (C k , ϕ k ) be a unital simple AF-algebra, where each C k is a unital finite dimensional C * -algebra, such that (K 0 (C), K 0 (C) + ) = (G, G + ). We may assume that the map ϕ k : C k → C k+1 is unital and injective. We write
Let ϕ k,j : M r(j,k) → C k+1 be the homomorphism defined by ϕ k,j = (ϕ k )| M r(j,k) . Define π k,j : C k → M r(j,k) by the projection to the summand. Set ϕ j,i,k = π k+1,i • ϕ k,j : M r(j,k) → M r(k+1,i) . Note that (ψ j,i,k ) * 0 is determined by its multiplicity M (j, i, k). Since C is simple, without loss of generality, we may assume that r(j, 1) := r(j) ≥ 2n(m 0 + 1), j = 1, 2, ..., m (1) . By passing to a subsequence if necessary, we may assume that M (i, j, k) ≥ (2m 0 + 1)k. There is a set of M (j, i, k) mutually orthogonal projections {e j,i,k,s : s} in M r(i,k+1) such that each e j,i,k has rank r(j, k), Let ψ k : A k → A k+1 be the unital homomorphism given by the partial maps ψ j,i,k . Define A = lim n→∞ (A k , ψ k ). It is known such defined A is a unital simple C * -algebra. Moreover, (K 0 (A), (K 0 (A)) + ) = (G, G + ).
Consider the unitaries u j = e iθ 0 p 1,j + e −iθ 0 /(n−1) p 2,j + p 3,j ,
where {p 1,j , p 2,j , p 3,j } ⊂ M r(1,j) are mutually orthogonal constant projections, p 1,j has rank d(j), p 2,j has rank (n − 1)r(j) and p 3,j has rank k(j) < n, j = 1, 2, ..., m(1). Define w = u 1 ⊕ u 2 ⊕ · · · u m (1) .
(e 5.211)
Let u = ψ 1,∞ (w), where ψ 1,∞ is the homomorphism induced by the inductive limit system. Since each u j ∈ CU (C([0, 1], M r(1,j) ), u ∈ CU (A). We now verify that u satisfies the assumption. Let δ 1 > 0 be as in 5.9 for ǫ/2 (in place of ǫ) and k 0 = n − 1. Let δ = δ 1 /2. Suppose that there is a self-adjoint element h ∈ A s.a. with h ≤ 2π such that u − exp(ih) < δ. where v 0,i ∈ P 3,i,k E i,k P 3,i,k is a constant unitary, P 1,i,k , P 2,i,k , P 3,i,k are mutually orthogonal projections with P 1,i,k + P 2,i,k + P 3,i,k = id A i,k , P 2,i,k has rank n − 1 times as much as P 1,i,k and P 1,i,k has rank at least m 0 times that of the rank of P 3,i,k . Denote by K 0 the rank of P 3,i,k . Then we have rankP 1,i,k > 2 15 n 3 (K 0 + 1)π 2 .
It follows from 5.9 that h 1 ≥ 2(1 − 1/(n − 1)π = 2π − 2π/(n − 1) ≥ 2π − ǫ/2 (e 5.215)
Note that each ψ is injective. Therefore
By (e 5.213), h ≥ 2π − ǫ.
Theorem 5.11. Let (G 0 , (G 0 ) + ) be a countable weakly unperforated Riesz group and let G 1 be any countable abelian group. There exists a unital simple AH-algebra A with tracial rank one such that (K 0 (A), K 0 (A) + , K 1 (A)) = (G 0 , (G 0 ) + , G 1 ).
Moreover, for any ǫ > 0, there exists a unitary u ∈ CU (A) and there exists δ > 0 satisfying the following: If h ∈ A s.a. such that u − exp(ih) < δ,
Proof. Let A be in the conclusion of 5.11. Let ǫ = π/16. Choose a unitary u in A and δ satisfy the conclusion of 5.11 for this ǫ. We may assume that δ < 1/64. We will show that cel(u) > π. Otherwise, one obtains a self-adjoint element h ∈ A with h ≤ π such that u − exp(ih) < δ.
This is not possible.
